In a previous paper, we studied elementary models for polymerization, depolymerization, and fragmentation of actin laments (Edelstein-Keshet and Ermentrout, 1997). When these processes act together, more complicated dynamics occur. We concentrate on a particular case study, using the actin-fragmenting protein gelsolin. A set of biological parameter values (drawn from the experimental literature) is used in computer simulations of the kinetics of gelsolin-mediated actin lament fragmentation.
INTRODUCTION
In this paper we explore the e ect of competing processes, polymerization and fragmentation, when they act together on the length distribution of actin laments. Although lament annealing (joining together of two pieces) may also be an important process, we will not include it explicitly in this paper. Our previous paper has developed a formalism and some analytic results for simpler models in which only one of the two processes were operating. We now consider gelsolin which causes fragmentation of laments, and other e ects that both promote and inhibit polymerization. Even though it is not possible, in a rst modeling treatment such as this one, to include all the biological detail, we have made an e ort, in this paper, to document what is currently known biologically about the e ects of gelsolin-like proteins on actin, and to point the interested reader to the relevant literature. We focus on the speci c case of gelsolin for the following reasons:
1. Gelsolin is prominent among the actin binding proteins, and occurs in a wide variety of cells (Hartwig and Kwiatkowski, 1991; Howard et al., 1990; Kwiatkowski, 1988) . Its kinetics and its e ects on the actin molecule have been studied and detailed information is available (Ditsch and Wegner, 1994; Schopper and Wegner, 1992; Ditsch and Wegner, 1995) 2. Gelsolin has a variety of e ects, which include nucleation, lament capping, and lament fragmentation.
A quantitative model is desirable to understand these competing and synergetic e ects. 3. The relative importance of actin lament elongation, nucleation, and fragmentation in the regulation of cell motility is still unclear (Mitchison and Cramer, 1996; Lau enburger and Horowitz, 1996; Theriot, 1994; Zigmond, 1993; Redmond and Zigmond, 1993) . Theoretical analysis may help to tease apart competing hypotheses. For example, the role of gelsolin and similar proteins that fragment actin laments is still under investigation (Redmond and Zigmond, 1993; Lau enburger and Horowitz, 1996) .
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4. In the respiratory disease Cystic Fibrosis (CF), cells in the lungs die, spilling a highly viscous solution containing long actin laments into a patient's lungs. Actin fragmenting proteins such as gelsolin are currently being investigated as a potential treatment to help reduce airway mucus viscosity and alleviate symptoms. Thus, the e ect of gelsolin on actin lament length distribution is of interest from both a basic and an applied science perspective.(A. Vasconcellos et al., 1994; Biogen, ; McGough, 1997) .
In this paper we rst comment on how a small amount of breakage or fragmentation in uences the size distribution formed by polymerization and depolymerization kinetics. Some approximation techniques (asymptotic methods) then give an indication of the expected behavior.
The case of gelsolin is described in a full model consisting of di erential equations for the lament size classes. In many cases we can determine the exact steady state behavior of the models. However, we do not have a closed form solution for the transient behavior which can be quite interesting and so we concentrate on numerical solutions of the evolution problem.
GLOSSARY OF PARAMETERS
Many of the parameters associated with polymerization and fragmentation have been de ned in our previous paper (Edelstein-Keshet and Ermentrout, 1997) . We include them below. Rate of breakdown of the gelsolin-(actin) 2 complex to two gelsolin-actin complexes k ? 
PROTEINS THAT FRAGMENT ACTIN FILAMENTS
A number of proteins have been identi ed as actin lament-severing agents. One family of actin-cutting proteins is the calcium-sensitive gelsolin family, which includes gelsolin, villin (80 kD), severin, fragmin (40 kD), brevin (which does not actually sever actin) and -actinin. Of particular relevance to this paper is the role of gelsolin, but some detailed references for gelsolin and for other fragmenting proteins are organized by subject in the appendix for the convenience of the reader.
Gelsolin is found in cells of mammals, birds, and amphibians. Its ubiquitous distribution means that it is among the more well-studied and characterized of the fragmenting proteins. Gelsolin has a variety of important actions on actin monomers and laments. (Schopper and Wegner, 1991; Schopper and Wegner, 1992; Ditsch and Wegner, 1994; Ditsch and Wegner, 1995; Laham et al., 1993; Howard et al., 1990) . Gelsolin is known to cut actin laments, cap the barbed end of an actin lament, bind free actin monomers, and nucleate actin polymerization. Gelsolin generally stays attached to the new barbed end that is formed when it cuts a pre-existing actin lament. This means that, under many circumstances, gelsolin is not a \recycled" fragmenter, as it has a rather slow rate of dissociation from the cut lament.
Another fragmenting protein which is also distributed widely among eucaryotes is co lin. Like gelsolin, it exhibits the ability to bind monomers and laments, and to cut laments Unlike gelsolin, it does not stay attached to a lament that it severs, and is a prototype of a \recyclable" fragmenter (Moon and Drubin, 1995; Aizawa et al., 1996; Hayden et al., 1993; Maciver et al., 1991; Hawkins et al., 1993) . The e ect of this type of recycled fragmenter was modeled and described in (Edelstein-Keshet and Ermentrout, 1997).
The functions of gelsolin are regulated by calcium, which must be present in M concentrations to allow lament nucleation, and in larger quantities to cause lament severing (Hartwig and Kwiatkowski, 1991; Yin et al., 1990; Howard et al., 1990) . The membrane polyphosphoinositides (PIP's) such as PIP 2 (phosphatidylinositol 4,5-biphosphate), important players in signal transduction pathways, a ect the ability of gelsolin to cap and cut actin laments. Although we shall not here be concerned with the higher levels of organization in the cell, this suggests a variety of ne-tuned controls on the processes that lead to changes in polymerization, lament lengths, and gellation in the cytoskeleton. Details of the processes actually occurring in vivo are still shrouded in mystery.
As indicated in the introduction, gelsolin is now being used as a promising direct treatment for the symptoms of Cystic Fibrosis. Its important e ect there, is on long actin laments deposited on the lung surface when cells of the immune system die. Biogen has recently announced Phase I clinical trials of gelsolin as an agent that severs these actin laments, thereby reducing mucus viscosity, allowing it to be more easily expelled by the patient (Biogen, ) . This attests to the importance of understanding gelsolin (Stossel, 1994) , its structure and actions, (McGough, 1997) , and its e ect on actin lament length distribution.
HOW GELSOLIN AFFECTS POLYMERIZATION AND FRAG-MENTATION
The functions of gelsolin that we incorporate into the model are summarized below. 1. Gelsolin can nucleate actin laments from two monomers. (Ditsch and Wegner, 1994) . However, the rate limiting step is the formation of the gelsolin:actin 1:1 complex, with a very rapid binding of the second monomer (Selve and Wegner, 1987) . In this respect, lament initiation di ers, in the presence of gelsolin, from its nucleation when only actin monomers are present. Nucleation is experimentally found to occur at a rate that is roughly linear in actin monomer concentration. 2. Gelsolin binds to and fragments an actin lament. 3. Gelsolin stays attached, i.e caps the barbed end of an actin lament. The lament can still polymerize or lose monomers from its slower growing, pointed end The rates of the reactions, and their sensitivity to calcium and other conditions were studied in vitro by the group of Wegner (Selve and Wegner, 1987; Ditsch and Wegner, 1994; Ditsch and Wegner, 1995; Schopper and Wegner, 1991; Schopper and Wegner, 1992) . See Table 1 . In these experiments, actin was initiated predominately by gelsolin, so that all growing laments were capped at their barbed ends. As Ditsch and Wegner were interested in characterizing kinetic rates and sigmoidal reaction kinetics rather than length distributions, the total amount of gelsolin in their experiments was kept rather low, at 10 nM = 0.01 M.
We use the notation G j to denote an actin lament with j monomers and a gelsolin cap at its barbed end. The symbols a and g denote both the free actin and gelsolin, respectively, and their concentrations.
The appropriate set of chemical reactions is:
Gelsolin-mediated nucleation G + a kinit ! G 1 :
(1)
Polymerization and depolymerization at the pointed end
Gelsolin-caused fragmentation
In the rst two reactions, gelsolin forms a complex with an actin monomer (rate k init ). This complex then reacts quickly with a second actin monomer to form a gelsolin:actin 1:2 complex (rate k fast ) (Schopper and Wegner, 1991 (Selve and Wegner, 1987) k init 1:5 10 ?2 M ?1 s ?1 (Ditsch and Wegner, 1994) k init 2:1 10 ?2 M ?1 s ?1 (Laham et al., 1993) (Ditsch and Wegner, 1994) 0.0-0.1 k ?
2 =k ? Table 1 : Rate constants for actin-gelsolin and other binding proteins interactions. The polymerization rates for gelsolin re ect growth at the pointed end of the actin lament since the barbed end is capped by gelsolin.
In deriving the equations of the model, we let x j represent the concentration of G j , i.e. of laments with one gelsolin cap and j actin monomers. We note that, as in our previous paper, if a lament has j actin monomers, there are j ? 1 bonds at which it can be broken. For example consider G 5 = Gaaaaa which can become Gaaaa + Ga, Gaaa + Gaa , Gaa + Gaaa, Ga + Gaaaa. Observe that two copies of each type of product can be formed. Thus, as a result of chopping, the rate of change of x k will have terms of the form:
We rst develop the equations that describe the initiation process, since this involves special consideration of di erent time scales of formation of the 1:1 and 1:2 complexes. If gelsolin:actin 1:2 intermediate ("dimer" gaa) is fragmented, it would only break into a pair of ga intermediates which have a very short lifetime. (One can eliminate this reaction entirely if desired; the rate k g2 is used to distinguish it from the other fragmentation reactions.) We further denote the depolymerization of dimers with the rate constant k ? 2 (which can also be set to zero). Consider the intermediates G 1 ,G 2 and the free actin whose respective concentrations are x 1 , x 2 and a. The (7) where the \other terms" are independent of x 1 : The term k ? 2 x 2 represents any spontaneous decay of the complex G 2 into G 1 and a, while the term 2gk g2 x 2 represents any active cutting of such a complex by gelsolin. If this ever occurs, it would create two equal pieces, both of the type G 1 . These terms are included for generality, but their rate constants can be set to zero or to very low values where such reactions are rare or nonexistent. The summation term describes small G 1 sized pieces that are chopped o larger laments.
Since k fast is very fast, the concentration of x 1 will be small (O(1=k fast )) so we will replace the term k fast ax 1 by its steady state value:
x j R 1 :
By this procedure, we eliminate x 1 from the equations. We now collect all reaction terms in the set of 
. . . = . . .
The equation for gelsolin includes depletion in all the above chemical processes, including formation of the 1:1 gelsolin:actin complex, and fragmentation and binding to all laments. The actin monomer equation includes terms for reaction with the 1:1 complex, depolymerization and breakage of the 1:2 complex (which we may set to zero), depletion through polymerization and recovery by depolymerization from all bigger laments. A similar balance appears in the equation for x 2 . These three equations are speci c to the gelsolin-actin system, though we have allowed some room for generality. The equation for x j contains terms for breakage and for polymerization, and combines features of the models for these individual processes discussed separately in our previous paper (Edelstein-Keshet and Ermentrout, 1997). The equation for x N , a \largest size lament" is included here for the purpose of numerical simulation.
Remarks:
1. The elimination of x 1 is valid because k fast is large. However, if the actin concentration is small then the term k fast a multiplying x 1 may not be large and in this case, we must include the full dynamics for the x 1 intermediate.
2.
We can eliminate the last equation if we want to consider arbitrarily large polymers.
3. It is a simple matter to verify that the equations above conserve total actin, A total , and total gelsolin
Thus, G total = g(0) since we assume that at the beginning of the reaction, the only form of actin is free monomers. Similarly,
is constant and equal to a(0) the total initial actin concentration.
SUBMODELS AND SIMPLER VARIANTS
The equations given above include many e ects and are di cult to study directly. We consider several simpler variants that describe special cases:
6.1 Steady state of full model when actin and gelsolin are conserved.
In general, the initial molar ratio of free actin and gelsolin is much greater than 1. In this case, we can show that the gelsolin will be completely depleted, i.e. g(t) ! 0 as t ! 1: Suppose that k g2 = k g : Recall from
The terms inside the parentheses are clearly greater than P N j=2 x j which is just g(0) ? g by conservation.
Thus dg dt < ?k g g(g(0) ? g) and since g(0) > 0 this implies g(t) ! 0 as t ! 1. ( We assumed that k g2 = k g for this calculation. If that is not the case, the analysis is a little more complicated, but the result is the same. ) Note that if a(0) is small compared to g(0) then this calculation is no longer valid since monomeric actin will be depleted before free gelsolin is depleted and all the x j will tend to 0 (for j 2).
Since the gelsolin is depleted, in the steady state, all terms in the equation which involve gelsolin will disappear. The steady state equations are then:
. x j = B(k + a=k ? ) j : The constants in this expression, B and a the steady state free actin concentration are to be determined from the constraints on the total gelsolin and the total actin. We show the detailed procedure in the appendix, and conclude that if r(0) = (k + a(0)=k ? ) > 1 which is the criterion for growth of the laments, the mean length of laments will be: `= P 1 j=2 jx j P 1 j=2 x j = a(0) ? a 1 g(0) : Here a 1 is the steady state actin concentration. By de nition of r, we see that a 1 = k ? =k + r: For small gelsolin concentrations, r 1 (see the Appendix) so that a 1 k ? =k + = a crit which gives a simple intuitively appealing expression for the mean length:
` a(0) ? a crit g(0) :
As one would expect, the larger the initial concentration of gelsolin, the smaller the mean length of the laments.
These calculations have all been for the case N ! 1: For a nite cuto in polymer size, the qualitative results are the same as long as N is big compared to the mean length expression above. If the cuto in total length is too small, then it is possible for the distribution to be monotone increasing.
Low actin or high gelsolin
When the initial actin concentration is low, then the pseudosteady state hypothesis we discussed above is no longer valid (see the remarks). What happens then is that even if k fast is very big all the polymers tend to 0 and only the ga complexes remain. (If k ? 2 and k g2 are both zero then only the dimers remain, but if either is nonzero then only the ga complex remains.)
It is easy to see that g 1 = g(0) ? a(0) and x 1 = a(0) where x 1 is the concentration of the ga complex. If both the dimer breakdown rates are 0 then x 2 = a(0)=2: All actin is either incorporated into the ga complex or the gaa complex if the latter does not break down.
Free actin monomer and gelsolin arti cially held constant
This corresponds to what we called the in vivo case (Edelstein-Keshet and Ermentrout, 1997) . In this case the total actin and the total gelsolin are not conserved but are bu ered so to be held constant. 
where x 0 means the derivative of x with respect to the dimensionless time, k ? t: Since this system does not go to steady state, it makes no sense to eliminate the x 1 equation and thus we retain it here. Though the system is linear, the summation terms and the size-dependent coe cients make it di cult to solve in closed form. In the next section, we show that all concentrations grow exponentially in time. We then use numerical solutions of this to look at relative distributions of the lengths of the laments.
6.4 No free gelsolin.
In this case there is no fragmentation taking place and no further initiation of new laments. This is equivalent to setting = 0 so that the dimensionless equations have the form: 
In absence of initiation, K = 0; = 0, this system closely resembles a simple-polymerization system (Edelstein-Keshet and Ermentrout, 1997) and x j = 0 is a rest state. The entries in the columns of the linearized matrix (just the coe cients of the x j , since this is a linear system) all sum to 0 so that 0 is an eigenvalue. Furthermore due to the tridiagonal nature of the model, if r 6 = 1 then 0 is a simple eigenvalue and from the Gerschgorin theorem (Horn and Johnson,19??) all other eigenvalues have negative real parts. We can compute the eigenvector for the zero eigenvalue. By direct substitution it is easy to show that this eigenvector is: (1=K; 1; r; r 2 ; : : : ; r N?2 ) T :
(30) We will use this result in the perturbation calculation in the next section. We show that even in absence of a source term, there will be exponential growth of all polymers as soon as > 0:
THE EFFECT OF A LOW LEVEL OF FRAGMENTATION
We now use a perturbation argument to show that exponential growth of polymers takes place as soon as fragmentation occurs, i.e., when > 0: The end result of the calculation (which may be skipped) is that there is exponential growth of all the laments given approximately by x j (t) r j?1 e kgg 1t where 1 is a positive expression given below (31).
To see this, we look at the perturbation of the 0 eigenvalue for small : The other negative eigenvalues will remain negative for small : Let A be the matrix for the N N system when = 0: Then we know that A = 0 since is the eigenvector with zero eigenvalue for A: Since the columns of A sum to zero, the eigenvector for A T is = (1; : : : 1) T : Let B be the matrix associated with the fragmentation terms. Thus, the matrix for the full system is M = A + B:
We will show that for small the zero eigenvalue is perturbed to a positive eigenvalue. Let ( ) be the This is clearly positive and thus we see that as soon as choppers are added, if the total actin and gelsolin are bu ered to remain at a constant level, then a small initial dimer concentration will grow due to polymerization and then chopping will add more, etc. Clearly this positive feedback system grows. The mean length and mass will remain bounded since they depend on ratios and the exponential growth will cancel out.
In absence of choppers ( = 0) but with a source term, we can expect growth of the total population in time. Furthermore, the growth will be linear in time. The end result of such a calculation is that Once again, appealing to the Fredholm alternative, we obtain: c = 1=K + P N?2 j=0 r j :
Thus, a source term leads to linear growth in time. In the next section, we do some numerical simulations that con rm this analysis and also yield steady state distributions.
NUMERICAL INVESTIGATION OF THE GELSOLIN PROB-LEM
We numerically investigate the system of equations of the full model. If we are interested in lament lengths up to several tens of monomers long, we can directly simulate the system of di erential equations (6, (8) (9) (10) (11) (12) (13) (14) with parameter values given in Table 1 . If, however, we want to describe how laments with hundreds of monomer units grow, the problem, as formulated above, becomes too cumbersome to treat numerically in an e cient manner. In the biologically interesting situations, actin laments can develop lengths of up to several microns. Since each 1 lament is composed of about 370 actin monomers, this means that we must nd ways of describing a distribution of laments when the maximal size class is on the order of 1000 monomers long.
In this case, it is clearly unrealistic to keep track of individual j-mers for j = 1::1000, which would lead to a system of 1000 di erential equations. For this reason, we replace the discrete model by a continuum equation ((Edelstein-Keshet and Ermentrout, 1997)) and then choose a new discretization which lumps together certain size classes. This yields a system which is amenable to numerical simulation. (We need to do this only in cases where there is expected to be growth of the larger laments. For when the larger laments do not grow, they have a negligible e ect on the solutions to the equations.) Suppose that, in the continuum model, we have chosen to represent the "mass" of a monomer. Let us now look at "chunks" that consist of pieces that are larger than a single monomer, say of mass . Then we see by looking at the continuum model, that the rate constants for polymerization will be scaled by = and those for the chopping will be scaled by = : (this follows by \rediscretizing" the continuum model using instead of as the \ds". ) That is k + ; k ? are divided by the ratio of M = and k g is multiplied by this ratio. For example, to look at laments of size up to 500, we could let = = 5 and then numerically solve roughly 100 equations instead of 500. Solving these numerically is easy if the lengths are greater than M: The problem is to connect this to the smaller fragments which are born from the actin dimers. The numerical strategy is to \bootstrap" the process by using the single one step equations for x 2 ; x 3 ; : : : ; x M : We then use the rescaled equations for x 2M ; x 3M ; : : : : The only trick left is to connect the \small" steps with the \big" steps and that only occurs between x M and x 2M : The equations that we have used for this procedure are shown in the appendix.
Finally, we rescale time in all the simulations relative to k ? and thus all rate constants are relative to this rescaling of time. Thus, in the simulations below, one time unit corresponds to 1=k ? 3 seconds of real time.
Numerical results for the polymerization-fragmentation problem
In this section we investigate the equations derived in the preceding section. We consider the following three cases:
1. Case I (a; g xed): Free gelsolin, g, and free actin, a, concentrations are arti cially maintained at constant levels. (In this case, all the coe cients in the above di erential equations are constant, and the equations are linear.) The system we simulate then consists of equations (6, 10-14).
2. Case II (g; A total xed): Gelsolin is kept constant, but the free actin monomers are not held at a constant level. Since the total amount of actin, A total is xed, the monomer concentration, a, is used up in polymerization. In this case, we have the additional equation for a, (9). In the case of monomer depletion, the parameter r = k + a=k ? is not constant, but, rather, linearly proportional to a, and the equations (6, 9-14) are non-linear.
3. Case III (A total xed): Both actin monomers and gelsolin are used up in the various reactions. In this case, we have the additional equation (8). The parameters = gk g =k ? and = gk init =k ? are then not constant: each one is proportional to the concentration of g (see Table 1 ). The system to be simulated consists of equations (6, (8) (9) (10) (11) (12) (13) (14) In the simulations we used a C language version of LSODE within XPP, a simulation package written by Ermentrout and available through the Internet. LSODE is a variable step size solver for sti ordinary di erential equations. We set the relative and absolute tolerances to 10 ?8 and 10 ?7 respectively and the simulation time to a value between 50 and 1000 time units, depending on the dynamics. Since time has been scaled in units of (k ? ) ?1 , one simulation time unit is equivalent to 3 seconds (using the value k ? = 0:32s ?1 from Table 1 ). The horizontal axis represents the length of the gelsolin-capped actin laments in terms of number of actin monomer units. Thus 1 refers to the complex ga, 2 to gaa and so on. The vertical axis represents either the concentration of the given complex in M, or, in the case of exponentially growing concentrations, the relative abundance of various forms. Although the basic model was similar in all the cases described below, it is evident that the behavior of the system depends on further detailed assumptions about boundaries and subsidiary conditions.
Results for Case I
If the monomer pool is constant and a > a crit , polymerization will continue without limit, and concentrations of all complexes will grow exponentially as we showed in section 7. This type of behavior could take place over a limited time span in any biological setting: it could explain rapid growth phases when the cell is stimulated. Figure 1a shows the time evolution for a few small polymers. The larger ones never reach a substantial concentration due to the action of gelsolin. While the total mass grows exponentially, the average length quickly reaches a steady state. There is an initial essentially instantaneous jump to dimers and then a slow rise as polymerization and chopping equilibrate. This is shown in Figure 1b .
Even though the total mass of polymerized actin grows exponentially in the case shown in Figure 1 , the relative proportions of the various size-classes settles into a stable size distribution. We show this in Figure 2a for a variety of concentrations of actin. The most prevalent size remains practically unchanged at about 2-4 monomers but with larger actin concentrations, the distribution becomes much broader re ecting more laments with large sizes. This is quanti ed by looking at the average lengths as a function of the actin concentration, shown in Figure 2b . For actin concentrations that are su ciently low, no growth occurs. Thereafter, the average length is a monotonic function of the actin concentration.
Results for Case II
When A total is xed, monomers are used up, so that a decreases. As we noted in section 6.2, depending on whether or not there is fragmentation of the dimers, the steady state distribution will consist only of ga or gaa polymers. However, the initial transients in this case are quite interesting. Figure 3a shows the time dependence of a variety of reactants in the early stages of the polymerization and chopping. Filaments quickly grow, with longer laments reaching their peaks at earlier times than shorter laments although these peaks are quite small. This apparently contradictory behavior is due to the action of the gelsolin and the slower kinetics of depolymerization. Essentially, the initial actin concentration is large enough so that there is growth. But this is rapidly depleted and there is a slow depolymerization and chopping of the longer laments. All that is ultimately left are the ga fragments (since k ? 2 is nonzero). Note the slow growth of x 1 and the slow decay of x 2 once the initial transients are over. Figure 3b shows the average length (computed as the mass average and the number average). There is an initial growth followed by a slower decay, ultimately terminating in only x 1 or x 2 .
There are some subtle di erences in the transients when the dimers (x 2 ) are prevented from depolymerizing. The temporal decay of the larger sizes such as x 3 is faster when there is no breakdown of the dimers.
This result may be explained as follows: if dimers do not break down, the pool of actin monomers is depleted more quickly, because monomers are not recycled from the dimer class. This means that the net trend for polymerization of laments decreases, depolymerization becomes more dominant, and thus larger sizes decay more quickly.
Results for Case III
If we permit gelsolin to be consumed in the reaction (due to irreversible capping of laments that it severs) the dynamics are only transiently a ected by chopping and capping. Eventually, after most of the gelsolin has been bound to actin barbed ends, there is no longer free gelsolin left to further interact with or fragment the laments. In that case, polymerization/depolymerization (at the free pointed ends) will take over as the dominant process. However, the transients are quite interesting as we will show below. The initial amount of gelsolin will determine the total number of laments that can be formed, as gelsolin is here assumed to be responsible for actin lament initiation. This leads to the following situation: whether laments can grow to large sizes will depend on how many laments are available (proportional to total amount of gelsolin supplied) and on the continued availability of monomers for these laments to grow. Figure 4a shows the transient behavior of the growth process over a long period of time. Each polymer concentration initially rises and then falls and then, over a very slow timescale, rises again. This secondary rise time is due to the slow depolymerization reaction of the long laments. (It is not due to the gelsolin fragmentation which is negligible after a very short time since the gelsolin was largely depleted in the initiation reaction.) Note that asymptotically the concentrations of all the polymers appear to be very close to each other. This is due to the fact that the asymptotic decay rate, as given in the Appendix 7, is close to 1. (In fact it is 0.9985, so that the ratio x 100 =x 2 is about 0.85, a small di erence on this scale.)
The time at which lament concentration rst peaks is not a simple function of the size (n) of the lament. (That is, it is not linear as in the case of a wave, nor does it follow a di usive time course.) Figure 4b shows that this function of size is shallower than an exponential. By looking at a variety of logarithmic plots, we have found that t peak (n) e kn p where p lies between 1=2 and 1=3:
The length distributions, whose early evolution is shown in Figure 4c , evolve over time from a sharp peak at small sizes to a broader peak at larger sizes. This broad peak is washed out at very long times since the steady state distribution is just an exponential decay in length. (See the appendix.) Figure 4d shows the average length ( computed as mass and as number average) over a long period of time. The length average saturates at about 140 as predicted by the approximation (17) given in section 6. Note that for the parameters used in the simulation, ` 2?1=1:6 :01 = 137:5: The mass average is computed to be about 250, higher than found in the numerical simulation. ( This is may be due to the nite cuto size in the numerical simulations. Simulations with larger cuto showed a mass average of close to 250 in agreement with the full model).
Lower actin concentrations result in a similar picture { transient rises followed by settling into an exponential steady state pro le. However, there is a threshold-like behavior of the average length as the actin concentration is increased from a low to a high concentration. Figure 5 shows the steady state average length as a function of the total actin for initial gelsolin xed at g(0) = 0:01: Note the essentially at small average lengths up to a(0) 0:6 followed by nearly linear growth from that point. The threshold is just k ? =k + ; below this the dimers occupy most of the total actin and above this the fraction of actin occupied by longer laments increases. This means that laments larger than 2 are continually being fragmented, so that they hardly build up to signi cant levels. Furthermore, once actin is complexed with gelsolin in the ga or gaa complex, it can no longer be added to the longer laments. Thus, the depolymerization and the chopping result in only the smallest possible laments remaining. Vertical axis is lament number concentration in M. The single actin complexes ga are ultimately all that remain. Parameter values were the same as those of Figure 1 but with A total = 2:0 M. (b) The average length of the laments (in monomer units) at rst increases via polymerization, and then, through fragmentation and depolymerization settles back to the smallest size. We show both the number average and the mass average length. The over-all reactions of actin and gelsolin were modeled using chemical kinetics (Ditsch and Wegner, 1994 ). They described the equilibrium level of actin in polymerized form when nucleation is mediated by gelsolin, but omitted the details of how fragmentation in uences the length distribution. Because the number of laments that form are assumed to be the same as the number of gelsolin nuclei in their paper, it is not essential to know the length distribution to determine how much actin is in polymerized form. The time rate of formation of gelsolin-actin complexes has also been discussed (Selve and Wegner, 1986) . However, knowledge of the length distribution is of interest in its own right, and as an input for studies attempting to understand the spatial distribution and dynamics of actin cytoskeletal networks.
The problem of gelsolin-mediated nucleation and pointed-end polymerization is described brie y in an appendix of a paper about the liquid-crystalline order of F-actin (Coppin and Leavis, 1992) . (Fragmentation is neglected, and the equations are solved numerically with one set of parameter values.) The e ect of capping proteins on length distributions has been discussed using free-energy arguments (Madden and Herzfeld, 1994) .
Experimental size distributions of actin laments polymerized in the presence of gelsolin were determined by electron-microscopy and are shown in a paper by (Janmey et al., 1986) . The authors state that these distributions are similar to those obtained in the absence of gelsolin, but the distributions shown in their Figure 1 appear to have some internal maxima, similar to those found in our simulations. Spontaneous breakage (and/or annealing) may have been the cause of this result. Calculations of the weight-average and number-average length are given. To our knowledge, a detailed theoretical treatment of the fragmentationpolymerization-capping process, and its e ect on lament length distributions appears for the rst time in the present paper.
The results of this paper can be summarized brie y as follows:
1. The combined e ects of polymerization and fragmentation can, under certain circumstances, give rise to transient length distributions in which some intermediate size class is most prevalent, i.e. distributions with peaks. However, steady state distributions are always monotone. 2. The case of constant total actin available (A total constant; here referred to as the \in vitro case") and the case of constant free actin monomer pool (a constant; \in vivo case") give di erent results. The model is linear in the second case, and nonlinear in the rst. The main di erence is in the in vivo case, all lament sizes grow without bound. 3. Seemingly small changes in the assumptions can have major e ects on the behavior of the models.
For example, making the nuclei (e.g. dimers) more or less stable to break-up can completely change both the dynamics, and the resulting size distribution, as it determines replenishment of the pool of monomers \fueling" further growth. 4. A fragmenting agent that gets \used up" or irreversibly attached to actin laments (as is the case in gelsolin) leads to drastically di erent resulting behavior than one that gets recycled. In the former case, the process is ultimately dominated by polymerization after all the gelsolin has been bound. This suggests that agents that uncap gelsolin from actin laments are as important in determining length distributions as is the gelsolin itself. (This e ect has not been investigated in detail, and bears further study.) 5. The fact that gelsolin initiates actin laments "essentially" from actin monomers (since the formation of a gaa complex is very fast once a ga complex is formed) means that the whole process of lament growth and fragmentation in the low gelsolin case follows linear kinetics. It is important to stress that this is not the case if actin initiation occurs in the absence of gelsolin (three or possibly four monomers are then needed to form a nucleus, leading to nonlinear initiation kinetics). The fact that nucleation is linear in the presence of gelsolin allowed great simpli cation, as linear algebra methods completely characterize the steady state behavior.
Our model for gelsolin is still in a preliminary form, as we have not yet included the e ects of ionic composition, of calcium, and of many other factors in the cell that could modulate the various reactions.
With the information emerging on the structure, function, sensitivity, and e ects of gelsolin and its cousins, an intriguing picture is emerging about the way that the cell's cytoskeletal machinery transduces and responds to chemical signals. It appears that a decrease in membrane-associated PIP's and an increase in local calcium concentration (as may occur, for example, in a calcium wave) will cause gelsolin to cut and cap actin laments locally. Since gelsolin remains attached to the barbed ends of the laments, and has a very slow o -rate, the growth by polymerization is limited, until a second step. If PIP or PIP 2 subsequently increases, the gelsolin caps fall o , and the laments can undergo rapid polymerization at all the newly created barbed ends. In this way, a sensitive regulation of the extent and location of cytoskeletal growth can be achieved in the cell. Recent research aims to explore how actin-binding proteins such as severin a ect motility by studying mutants defective in the gene coding for this protein (Weber et al., 1995; Schindl et al., 1995) .
in the gelsolin-free steady state will be determined. 
where we have used (32) to simplify (33). Now we can see that if there is enough initial actin or if the initial gelsolin is small enough, then (33) can be solved for a unique value of r between 0 and 1. To see this note that the left hand side is a linearly decreasing function with a maximum value k + a(0)=k ? at r = 0. The right-hand side is monotonically increasing with a minimum 2g(0) at r = 0: Since the right hand side tends to in nity as r ! 1 ? this means that there will be a root as long as k + a(0)=k ? > 2g(0):
Since we have assumed that the gelsolin concentration is small, this is a reasonable constraint. This analysis shows that the steady state distribution is always exponential with the most numerous laments being the dimers. There are no peaks in the distribution; it is monotonic. However, the mean length of the laments is not 2 but rather a larger number that depends on the relative concentrations of gelsolin and actin. In fact, we can write down the solution to (33). Let = k + a (0) Here c 1 ; c 2 are "fudge factors" usually set to 1 but which could be scaled di erently to get better agreement with the "full" model.
